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Abstract. The paper considers the approach to the structural analysis and synthesis of parallel 
structure robots based on the mathematical apparatus of groups of screws and on a concept of 
reciprocity of screws. The results are depicted of synthesis of parallel structure robots with 
different numbers of degrees of freedom, corresponding to the different groups of screws. 
Power screws are applied with this aim, based on the principle of static-kinematic analogy; the 
power screws are similar to the orts of axes of not driven kinematic pairs of a corresponding 
connecting chain. Accordingly, kinematic screws of the outlet chain of a robot are 
simultaneously determined which are reciprocal to power screws of kinematic sub-chains. 
Solution of certain synthesis problems is illustrated with practical applications. Closed groups 
of screws can have eight types. The three-membered groups of screws are of greatest 
significance, as well as four-membered screw groups [1] and six-membered screw groups. 
Three-membered screw groups correspond to progressively guiding mechanisms, to spherical 
mechanisms, and to planar mechanisms. The four-membered group corresponds to the motion 
of the SCARA robot. The six-membered group includes all possible motions. From the works 
of A.P. Kotelnikov, F.M. Dimentberg, it is known that closed fifth-order screw groups do not 
exist. The article presents examples of the mechanisms corresponding to the given groups. 

1.  Introduction 
In this paper, the structural analysis and synthesis of robots of a parallel structure based on the 
mathematical apparatus of groups of screws are considered. The results of synthesis of mechanisms of 
a parallel structure with a different number of degrees of freedom are presented. It is established that 
closed groups of screws can be of eight forms. The greatest attention is paid to three-member groups 
of screws, four-member groups and six-member groups of screws. 

2.  Description of the algorithm of structural synthesis 
The algorithm of structural analysis and synthesis is based on structural formulas that correspond to the 
order of the corresponding closed group of screws. 

Three-member groups of screws correspond to translational mechanisms, spherical mechanisms, and 
plane mechanisms. The four-member group corresponds to the movement of the robot SCARA. The six-
member group includes all possible movements. 

The article presents examples of mechanisms corresponding to these groups. 

http://creativecommons.org/licenses/by/3.0
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As noted, the mechanisms of the parallel structure [2-5] can be described in the most effective 
manner on the basis of the theory of screws [6]. In this case, each kinematic pair is associated with a unit 
screw - ort. To analyze the power screws transferred to the output link, it is necessary to find the screws, 
reciprocal axes of the axes of these unactuated pairs [5]. 

Such consideration is used to ascertain whether this or that position corresponds to the limiting values 
of the pressure angles [7-8]. It is worthwhile to understand what angle is between the line of action of the 
force and the velocity vector, which is formed for all, except for one fixed, generalized coordinates. 

This problem is adjacent to the problem of constructing robots with a kinematic solution, in which 
each drive controls the motion with only one coordinate [9]. Similar problems are also solved when 
creating robots of a parallel structure with a different number of degrees of freedom and kinematic 
chains [10]. 

As an algorithm of structural synthesis, the application of the modified structural formula proposed in 
1991 for mechanisms of parallel structure can be proposed [5]. The meaning of this formula is that a 
solid body moving in space, corresponding to one or another closed group of screws, has λ degrees of 
freedom, where λ can be equal to six, four, three, two and one in the limiting case. 

Each attached kinematic chain can impose some connections, the number of which is (λ-p), where p 
is the number of moving kinematic pairs. 

In the particular case when λ = 6, the following structural formula was obtained: 

6 (6 )
1

k
W pi

i
= − −∑

=  (1) 
here W – the number of degrees of freedom, k– the number of kinematic chains, pi – the number of 

single-kinetic kinematic pairs. 
In the general case, the structural formulas corresponding to the spaces of the mechanisms of the 

parallel structure become:                                                                            

( )
1

k
W pi

i
λ λ= − −∑

=
,                      (2) 

where λ - the dimension of the space in which the robot's mechanism functions.  
The use of groups of screws to construct robots of a parallel structure and a spherical mechanism of a 

parallel structure (Fig.1) is considered. Each kinematic chain consists of one driving rotational pair and 
two rotational pairs, with the axes of all pairs intersecting. Unit screws characterizing the positions of 
kinematic pairs are: К11 (1, 0, 0, 0, 0, 0), К12 (k12x, k12y , k12z , 0, 0, 0), К13 (k13x, k13y, k13z , 0, 0, 0), К21 (0, 1, 
0, 0, 0, 0), К22 (k22x, k22y , k22z , 0, 0, 0), К23 (k23x, k23y, k23z, 0, 0, 0), К31 (0, 0, 1, 0, 0, 0), К32 (k32x, k32y , k32z , 
0, 0, 0), К33 (k33x, k33y , k33z , 0, 0, 0). 
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Figure 1. Spherical mechanism 

 
For this mechanism, the structural formula takes form (2). 
The power screws of the links have the following coordinates: Q1 (1, 0, 0, 0, 0, 0), Q2 (0, 1, 0, 0, 0, 0), 

Q3 (0, 0, 1, 0, 0, 0), and the kinematic screws of the output link have the form: Ф1 (1, 0, 0, 0, 0, 0), Ф2 (0, 
1, 0, 0, 0, 0), Ф3 (0, 0, 1, 0, 0, 0). These three screws are reciprocal to the indicated power screws and 
correspond to the required movements of the output link. 

The plane mechanism of the parallel structure (Fig. 2) is considered. In this mechanism, two 
kinematic chains contain three rotational pairs with parallel axes, and one kinematic chain contains a 
rotary drive pair and two translational pairs. Unit screws of kinematic pairs have the coordinates: К11 (0, 
0, 1, 0, 0, 0), К12 (0, 0, 1, k12x, k12y, 0), К13 (0, 0, 1, k13x, k13y, 0), К21 (0, 0, 1, 0, 0, 0), К22 (0, 0, 1, k22x, k22y, 
0), К23 (0, 0, 1, k23x, k23y, 0), К31 (0, 0, 1, 0, 0, 0), К32 (0, 0, 0, k32x, k32y, 0), К33(0, 0, 0, k33x, k33y, 0).  

 
Figure 2.Planar mechanism 
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For the mechanism under consideration, the structural formula (2) takes the form (3). In this case, the 
kinematic chains impose the same bonds. The power screws of the links have the following 
coordinates:Q1 (0, 0, 0, 1, 0, 0), Q2 (0, 0, 0, 0, 1, 0), Q3(0, 0, 1, 0, 0, 0). Kinematic screws of the motion 
of the output link:Ф1 (0, 0, 0, 1, 0, 0), Ф2 (0, 0, 0, 0, 1, 0), Ф3 (0, 0, 1, 0, 0, 0). These three screws are 
reciprocal to the indicated power screws and correspond to the required movements of the output link. 

3.  Application of the algorithm for the synthesis of some types of manipulators 
In more detail, let us consider the manipulators of the parallel structure, which correspond to the cases of 
overlapping kinematic chains of various connections. In particular, it will be a question of the 
mechanisms that ensure the Schoenfliesor movement like SCARA. These movements are very important 
from the point of view of practice and represent three translational movements and rotations around axes 
parallel to any one axis. 

There are schemes [11], in which chains impose the constraints, are of different nature. The algorithm 
for constructing these manipulators should be based on the fact that for each chain, its own structural 
formula must be used. 

Let two kinematic chains superimpose one bond, and the third chain give two links (Fig. 3). The first 
and second kinematic chains consist of a single drive translational pair (linear motor) located on the base 
of three intermediate rotational pairs located with axes parallel to the axis of the linear drive and the final 
rotational pair (the axes of the final rotational pairs of the two chains coincide). The third kinematic 
chain contains one rotary drive pair (rotary drive) mounted on the base, one driven translational pair (the 
axes of the two pairs coincide), and two translational pairs made in the form of hinged parallelograms. 
The unit screws characterizing the positions of the axes of the indicated kinematic pairs have the 
coordinates:K11 (0, 0, 0, 1, 0, 0), K12 (1, 0, 0, 0, kо12y, k

о

12z), K13 (1, 0, 0, 0, kо13y, k
о

13z), K14 (0, 0, 1, kо14x, 
kо14y, 0), K21(0, 0, 0, 0, 1, 0), K22 (0, 0, 0, kо22x, 0, kо22z), K23 (0, 0, 0, kо23x, 0, kо23z), K24 (0, 0, 1, kо24x, 
kо24y, 0), K31 (0, 0, 1, 0, 0, 0), K32 (0, 0, 0, 0, 0, 1), K33(0, 0, 0, kо33x, k

о

33y, 0), K34(0, 0, 0, kо34x, k
о

34y, 0). 
 The screws K11, K21, K32, K33 and K34 have an infinitely large parameter [1], or infinite pitch. The 
remaining screws have a zero parameter. The first and second kinematic chains impose one bond, the 
third chain corresponds to two bonds. These links of the first and second kinematic chains can be 
considered repetitive, since they do not affect the total number of degrees of freedom equal to four. The 
power screws of the bonds imposed by the kinematic chains have the coordinates [11]:Q1 (0, 0, 0, 1, 0, 
0), Q2 (0, 0, 0, 0, 1, 0). All kinematic screws of the motion of the output link can be represented as 
screws reciprocal to the indicated power screws: ΩΩΩΩ1 (0, 0, 0, 1, 0, 0), ΩΩΩΩ2 (0, 0, 0, 0, 1, 0), ΩΩΩΩ3 (0, 0, 0, 0, 
0, 1), ΩΩΩΩ4 (0, 0, 1, 0, 0, 0). Screws ΩΩΩΩ1, ΩΩΩΩ2 and ΩΩΩΩ3 are of an infinitely large parameter, screw ΩΩΩΩ4 of a zero 
parameter. 
To form the corresponding structural formula, it is necessary to consider the kinematic chains in more 
detail. The chain number three (located in the middle) imposes two connections.Chains numbered one 
and two (located on the sidesimpose one bond, but these links are repeated with the average kinematic 
chain.) 

Each three intermediate rotational pairs can be replaced by two parallelograms. 
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Figure 3. Mechanism with four degrees of freedom and three chains imposing different 
connections. 
 
Next, let us consider the mechanism

and the third kinematic chain of links does not impose. The first and second kinematic chains, as in the 
previous case, consist of one drive rotational pair (rotary drive) located on the base, 
rotational pair located with an axis parallel to the axis of the rotary drive and a final cylindrical two
movable pair (the finite cylindrical pairs of the two chains coincide). The third kinematic chain contains 
one rotary drive pair mounted on the base, one driven translational pair (the axes of the two pairs 
coincide), and two cardan joints, each of which is made in the form of two rotational kinematic pairs 
with perpendicular intersecting axes arranged in horizontal planes (Fig. 4). 

The unit screws characterizing the positions of the axes of the indicated kinematic pairs have the 
coordinates: K11 (0, 0, 1, kо11x, k

о

11

0, 0, 1), K21 (0, 0, 1, kо21x, k
о

21y, 0), 
kо13y, 0), K24 (0, 0, 0, 0, 0, 1)= K14

0, kо33x, k
о

33y, k
о

33z), K34 (k34x, k34y, 0, 
kо36x, k

о

36y, k
о

36z). Let us note that k

 
Mechanism with four degrees of freedom and three chains imposing different 

mechanism in which two kinematic chains superimpose two bonds (Fig. 4), 
and the third kinematic chain of links does not impose. The first and second kinematic chains, as in the 
previous case, consist of one drive rotational pair (rotary drive) located on the base, 
rotational pair located with an axis parallel to the axis of the rotary drive and a final cylindrical two
movable pair (the finite cylindrical pairs of the two chains coincide). The third kinematic chain contains 

ted on the base, one driven translational pair (the axes of the two pairs 
joints, each of which is made in the form of two rotational kinematic pairs 

with perpendicular intersecting axes arranged in horizontal planes (Fig. 4).  
e unit screws characterizing the positions of the axes of the indicated kinematic pairs have the 

11y, 0), K12 (0, 0, 1, kо12x, k
о

12y, 0), K13 (0, 0, 1, kо13x, 
, 0), K22 (0, 0, 1, kо22x, k

о

22y, 0), K23 (0, 0, 1, kо23x, k
о

23y, 0)=
14 (0, 0, 0, 0, 0, 1), K31 (0, 0, 1, 0, 0, 0), K32 (0, 0, 0, 0, 0, 1), 
, 0, kо34x, k

о

34y, k
о

34z), K35 (k35x, k35y, 0, kо35x, k
о

35y, k
k33x = k35x, k33y = k35y, k34x = k36x, k34y = k36y. 

Mechanism with four degrees of freedom and three chains imposing different 

in which two kinematic chains superimpose two bonds (Fig. 4), 
and the third kinematic chain of links does not impose. The first and second kinematic chains, as in the 
previous case, consist of one drive rotational pair (rotary drive) located on the base, one intermediate 
rotational pair located with an axis parallel to the axis of the rotary drive and a final cylindrical two-
movable pair (the finite cylindrical pairs of the two chains coincide). The third kinematic chain contains 

ted on the base, one driven translational pair (the axes of the two pairs 
joints, each of which is made in the form of two rotational kinematic pairs 

e unit screws characterizing the positions of the axes of the indicated kinematic pairs have the 
, kо13y, 0), K14 (0, 0, 0, 
, 0)=K13 (0, 0, 1, kо13x, 

(0, 0, 0, 0, 0, 1), K33 (k33x, k33y, 
kо35z), K36 (k36x, k36y, 0, 
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Figure 4. Mechanism with four degrees of freedom, one chain of links does not impose. 

 
The screws K14, K24, K32 have an infinitely large parameter. The remaining screws have a zero parameter. The 

first and second kinematic chains impose two bonds, which can be considered repetitive, they determine the number 
of degrees of freedom equal to four. The third kinematic chain of links does not impose. The power screws of the 
bonds caused by the kinematic chains, as in the previous cases, have the coordinates: Q 1 (0, 0, 0, 1, 0, 0), Q 2 (0, 0, 
0, 0, 1, 0). Accordingly, all the kinematic screws of the motion of the output link can again be represented as screws 
that are reciprocal to the indicated power screws: ΩΩΩΩ1 (0, 0, 0, 1, 0, 0), ΩΩΩΩ2 (0, 0, 0, 0, 1, 0), ΩΩΩΩ3 (0, 0, 0, 0, 0, 1), ΩΩΩΩ4 (0, 
0, 1, 0, 0, 0). 

Specific provisions related to the loss of one or more degrees of freedom arise if the kinematic screws 
corresponding to the unit vectors Ki1, Ki2 and Ki3 (i = 1, 2) or K33, K34, K35 and K36 are linearly dependent. This is the 
case if any three screws Ki1, Ki2 and Ki3 (i = 1, 2) or if four screws K33, K34, K35 and K36 are in the same plane. In 
particular, if any three screws Ki1 , Ki2 and Ki3 (i = 1, 2) are located in one plane parallel to the y axis, then there are 
three power screws of the bonds imposed by the kinematic chains: Q 1 (0, 0  0, 1, 0, 0), Q 2 (0, 0, 0, 0, 1, 0) and Q 3 
(0, 1, 0, 0, 0, 0). And only three kinematic screws of the output link are reciprocal to these screws ΩΩΩΩ1 (0, 0, 0, 1, 0, 
0), ΩΩΩΩ2 (0, 0, 0, 0, 0, 1) and ΩΩΩΩ3 (0, 0, 1, 0, 0, 0). Let us note that Q 3n is located along the y axis. 

This mechanism has the property of a partial kinematic decoupling. Rotary drivers of the first and 
second kinematic chains move the output link in a horizontal plane. The linear driver of the third 
kinematic chain moves the output link along the vertical axis. 

To form the corresponding structural formula, it is necessary to consider kinematic chains. Chain 
number three (located in the middle) does not impose connections. Chains numbered one and two 
(located on each side) impose two identical connections corresponding to the movements of Schoenflies 
or the robot SCARA 

Since the third chain does not impose connections, the formula is also valid for the entire mechanism. 
Let us consider the 6-DOF mechanism of a parallel structure with three connecting kinematic 

chains 3 R-R-R-P-P-P (Fig. 5). Each kinematic chain includes one rotary drive pair, one translational 
drive pair, two rotational pairs and two translational pairs. To ensure kinematic decoupling, the axes of 
all rotational pairs intersect at point O, and the axes of the drive rotational pairs are mutually 
orthogonal. 
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Figure 5. Mechanism with six degrees of freedom. 

 
Unit screws directed along the axes of the kinematic pairs are described by the following plucker 

coordinates: К11 (1, 0, 0, 0, 0, 0), К12 (k12x, k12y, k12z, 0, 0, 0),…, К34 (0, 0, 0, 0, 0, 1), К35 (0, 0, 0, k35x, k35y, 
0), К36 (0, 0, 0, k36x, k36y , 0). The possible movements of the output link (three displacements along the 
coordinate axes and three rotations around them) are described by the following kinematic screws 
(which are reciprocal to six power screws of the kinematic chains): ): ΩΩΩΩ 1 (1, 0, 0, 0, 0, 0), ΩΩΩΩ 2 (0, 1, 0, 0, 
0, 0), ΩΩΩΩ 3 (0, 0, 1, 0, 0, 0), ΩΩΩΩ 4 (0, 0, 0, 1, 0, 0), ΩΩΩΩ 5 (0, 0, 0, 0, 1, 0), ΩΩΩΩ 6 (0, 0, 0, 0, 0, 1). 
Thus, a new 6-DOF mechanism is synthesized, with the structure described by formula (1). In this 
case, the kinematic chains do not impose any constraints on the motion of the output link. 

The disadvantage of this structure is the arrangement of translational drives on the moving parts of the 
mechanism. The location closest to the base is more rational. In addition, coaxial installation of the translational 
drive and the rotary drive is possible. Here is an example of a mechanism based on three kinematic chains 3 R-R-R-
R-P (Fig. 6). 

 
Figure 6. Mechanism with drives on the base. 

 
Each kinematic chain includes one rotary drive pair and one translational drive pair placed on the 

base, as well as two rotational pairs and two translational pairs. All rotational pairs with their axes 
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intersect at point O, which is taken as the center of the coordinate system. With moving translational 
drives, point O does not change its position. The kinematic pairs screws’ plucker coordinates have the 
following form: K11 (1, 0, 0, 0, 0, 0), K12 (0, 0, 0, 1, 0, 0), K13 (k13x, k13y, k13z, 0, 0, 0), K14 (k14x, k14y, k14z, 
0, 0, 0) K15 (0, 0, 0, 0, k15y, k15z), K16 (0, 0, 0, 0, k16y, k16z), , K21 (0, 1, 0, 0, 0, 0), K22 (0, 0, 0, 0, 1, 0), K23 

(k23x, k23y, k23z, 0, 0, 0), K24 (k24x, k24y, k24z, 0, 0, 0) K25 (0, 0, 0, k25x, 0, k25z), K26 (0, 0, 0, k26x, 0, k26z), K31 

(0, 0, 1, 0, 0, 0), K32 (0, 0, 0, 0, 0, 1), K33 (k33x, k33y, k33z, 0, 0, 0), K34 (k34x, k34y, k34z, 0, 0, 0), K35 (0, 0, 0, 
k35x, k35y, 0), K36 (0, 0, 0, k36x, k36y, 0).  

Screws K11, K13, K14, K21, K23, K24, К31, K33, K34 have zero parameter; screws K12, K15, K16K22, K25, 
K26, К32, K35, K36 have an infinite parameter. The following group of kinematic screws (reciprocal to 
power kinematic chains’ screws) determines the possible movements of the output link: Ф1 (1, 0, 0, 0, 
0, 0), Ф2 (0, 1, 0, 0, 0, 0), Ф3 (0, 0, 1, 0, 0, 0), Ф4 (0, 0, 0, 1, 0, 0), Ф5 (0, 0, 0, 0, 1, 0), Ф6 (0, 0, 0, 0, 0, 
1). 

Translation drives move the output link with fixed rotary drives and unchanged orientation, similar to 
how it occurs in the 3-DOF translational mechanism. In this case, translational kinematic pairs are 
operating, which correspond to kinematic screws Ki2, Ki5, Ki6 (i=1,2,3). With fixed translation drives, 
rotary drives perform rotations of the output link, similar to how it occurs in a spherical mechanism. In 
this case, rotational pairs are operating, which correspond to the screws Ki1, Ki3, Ki4 (i=1,2,3). This new 
6-DOF mechanism, like the previous one (Fig. 5), is decoupled and corresponds to formula (1) with all 
six drives located on the base, which gives significant advantages. 

4.  Conclusion 
Thus, the article presents an algorithm for the structural synthesis of parallel structure mechanisms. 
The algorithm is based on consideration of closed groups of screws and corresponding structural 
formulas. 

On the basis of the apparatus of closed groups of screws, planar and spatial systems are 
synthesized. 

In particular, a number of decoupled mechanisms with a various number of degrees of freedom 
were obtained. 
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