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Abstract.A method for determining the design characteristics of a parallel robot necessary to
provide specified parameters of its working space that satisfy the controllability requirement is
developed. The experimental verification of the proposed method was carried out using an
approximate planar 3-RPR mechanism.

1. Introduction

Currently, the mechanisms of a parallel structure [1-5] are increasingly used in industry. In
comparison with more distributed serial analogs, parallel robots have significant superiority in
positioning accuracy, power and permissible load.

One of the most important sub-tasks for constructing parallel mechanisms is the determination of
their design characteristics (dimensions of the fixed base, movable platform, ranges of lengths or
angles of rotation of the drive links) in accordance with the necessary dimensions of the working
space, i.e. a range of changes in the output coordinates.

The solution of this sub-problem is considered in the present work using a planar 3-RPR
mechanism with three degrees of freedom (displacement along the x and y axes and rotation around
the z axis). The mechanism consists of three kinematic chains containing one driving translational and
two passive rotational kinematic pairs [6].

2. Working space

To investigate the relationship between the construction characteristics of a planar 3-RPR mechanism
and the dimensions of its working space, let us use the formula for solving the inverse positional
problem [7]:

2 . 2
L= \/(x +lzcos(y; + @) —xp) ++(y + Lysin(y; + @) —yai) (D)

where (x, y, ) - output coordinates of the mechanism, y;- angle defining the geometry of the output
link, (Xai, Yai) - coordinates of point A; of the articulated link of the drive link to the fixed base, I3;-
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distance from point C; of the articulated link of the drive to the movable platform to the point
determining the position of the output link of the mechanism, and L; - length of the i-th drive unit.

In the case of constructing a planar 3-RPR mechanism in accordance with the classical scheme of
the location of attachment points A; and C; at the vertices of equilateral triangles, the lengths of the
drive links can be determined on the basis of the following relationships:

2
Ly =\/(x+£(sinqo—\/§cos<p)+\/7§R) + (y—%(ﬁsincp+cos<p)+§)2(2)

2
L, =\/(x+§(sin(p+\/§c05(p) —\/;R) +(y+§(\/§sin(p—cos<p)+§)2 (3)
Ly =/ (x —rsing)2 + (y + rcos @ — R)?, 4)

where R and r - radiuses of the circles described near triangles A;A,A; and C;C,Cs, respectively.
The working space of the mechanism is determined by the values of R, r and the range of the lengths
of the drive links and can be determined using the equations given above.
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Figure 1. The range of permissible values (x, y) for ¢ = 0°, 20°, 40°, 60° 80°, 100°.

To construct the working space of the 3-RPR mechanism, let’s set its design parameters: R = 100 mm, r =
50 mm, L;,3e [10 mm, 130 mm] and use the MatLAB software suite. In Figure 1 shows the areas of
possible changes in the linear output coordinates of the mechanism at various angles of rotation of the
movable platform (cross-section of the three-dimensional working space (x, y, ¢) by planes perpendicular to
the ¢ axis).

Figure 1 shows that with increasing angle o, the linear size of the working area decreases. For the given
construction parameters of the mechanism, the angle of rotation is 120° and is more unreachable. Obviously,
in general, the smallest linear size of the working area corresponds to the largest attainable rotation angle
from the range [0°, 180°]. If one sets the required linear size of the working area as a circle inscribed in it,
for an angle of 180°, its diameter will be determined by the relationship (Fig.2):

D < 2(Lmagx —R—1). (5)
where L,y - upper limit of the range of variation of the lengths of the drive links.

In this case, if the angle of 180° is unreachable (as in the case under consideration) the right-hand side of
the inequality turns out to be negative.

Figure 2. Dependence of D on R, r and Lpay.

To reduce the working space leads to the presence of "dead zones" (Figurel displays them in the form of
yellow circles). The radius of these circles is equal to Ly, - the lower boundary of the range of variation of
the lengths of the drive links, and the distance from their centers to the center of the stationary base, as seen
from Figure 3, depends on the angle of rotation of the movable platform and can be determined using the
cosine theorem:

l=/R2+7r%—2Rrcosg, (6)
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Figure 3. Dependence of | on R, r and ¢.

3. Singular surface
From the working space, it is also necessary to exclude special positions of the mechanism (points of
singularity). For the 3-RPR mechanism, singularities of only the second type are characteristic [2], for which

the Jacobian is zero:
OF, 0F, 0F

x 3y op
— |92 0F OR
9F; OF; 0F
ox dy do
where
% = 2x — 2x4; + 213 cos(@ +v;), 8)
JOF; .
oy = 2V = 2yai + 2l sin(e +y0), ©
JF; )
0 = 2l3;(y — yai + I3 sin(p + ;) cos(p + ¥;) — 213, (x — x4 +
+l3,; cos(p +yy)) sin(e +vy), (10)
that in the case under consideration means:
% = 2x +r(sing — V3 cos @) + RV3, (11)
% = 2x +r(sing + V3 cos p) — RV3, (12)
% = 2x — 2rsin¢, (13)
Z—I;z 2y —r(V3sing + cos ) + R, (14)
Z—I;f= 2y +r(V3sing — cosp) + R, (15)
%—23 =2y + 2rcos@ — 2R, (16)
3—2 =r(x(V3sing + cos¢) + y(sinp — V3 cos 9)+2R sin ), (17)
Zi(; =r(x(—V3sing + cos @) + y(sin g + V3 cos ¢)+2R sin @), (18)
oF. ,
a—; =2r((R —y) sing — x cos ¢). (19)
Substitution gives the following result:
det(J4) = 12v/3Rrsing (R? — 2 Rrcos ¢ + r? — x? — y?). (20)
Thus, the Jacobian is reset when one of the two conditions is fulfilled:
sing =0,
[xz +y2=R%—2Rrcos¢g + 12 (21)

The first condition is satisfied for ¢ = zn, VYneZ. This, in particular, means that in Figure 1 the entire
plane corresponding to ¢ = 0° is singular, which explains Figure 4, from which it can be seen that with zero
rotation of the movable platform, the three straight lines A;C;, A,C, and AsCsintersect at one point - the
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center of homothety, which moves points A; to points C;. A similar situation is formed for ¢ =+ 180°, but in
this case segments A;C;, A,C, and A;C;themselves intersect, which makes such turn technically unrealizable.

A3

Ay

Figure 4. The singular plane at ¢ = 0°.

Therefore, the range of permissible values of the angle of rotation of the mobile platform is determined by

the inequality:
0° << 180° (or —180° <p< 0°). (22)

The second condition of equality to zero of the Jacobian according to (21) is the equation of the circle
with respect to the coordinates x and y. The radius of this circle depends on the angle of rotation of the
movable platform and coincides with the value of I, determined by the formula (6).

Consequently, the singular circle passes through the centers of circles excluded from the working region
in connection with the inequality of the lower boundary of the range of variation of the lengths of the drive
links. This conclusion is confirmed by Figure 5, in which on the section of the working space, corresponding
to the different angles of rotation of mobile platforms, applied field singularity (dark blue circle), and the
Jacobian constant sign (det(J) > 0 in the red and green areas, det(Ja) <0 - in blue and yellow).

4. Controllability
It can be seen from formula (20) that the Jacobian is a continuous function of x, y, and ¢. Therefore, if two
states of the mechanism are characterized by different signs of the Jacobian, the transition from one state to
another without crossing the singular surface of rotation is impossible. This circumstance further restricts the
working space of the mechanism.

Thus, the requirement of controllability forces us to abandon a part of the working space and to prefer (in
view of the much larger size and the absence of internal "deadzones") the region inside the singular surface
(shown in red in Figure 5).
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Figure 5. The range of permissible values (x, y) for ¢ = 1°, 20°, 40°, 60°, 80°, 100°, taking into account the
controllability of the mechanism.

The infimum of radius | of the singular circle corresponds to ¢ — 0:
infyeom | = limy 0.l = VR +712—2Rr = R —|. (23)
If, as was suggested above, to set the required linear dimension of the working area in the form of a circle
inscribed into it, then, taking into account the size of the "dead zones", its diameter will be determined by the
relation:
D < 2(|R = 7| = Liin)- (24)
Combining conditions (5) and (24), let us obtain a system of inequalities that determine the diameter of
the base of the cylinder, which can be inscribed in the working region of the mechanism provided that its
height, i.e. the length of the range of the required change in the angle of rotation of the movable platform, is
selected in accordance with condition (23).
Now, in order to determine the construction characteristics of the planar 3-RPR mechanism necessary to
provide the specified parameters of its working space that satisfy the manageability requirement, it is
sufficient to specify the dimensions of the fixed base and the mobile platform:

{Lmax >R+r+D/2, (25)
Lipin <|R—71|=D/2;
or the range of variation of the lengths of the drive links:
{ r< (Lmax - Lmin - D)/Z, (26)
Lpin +7+D/2 <R < Ly —7—D/2;

in the case where R>r is assumed.

5. Verification of the methodology
Let us choose, for example, the contraction characteristics that provide for the angles of rotation from 1° to
179° the displacement of the center of the movable platform within a circle with a center at the origin and
with a diameter of 120 mm. Let R be 100 mm, r = 25 mm. According to (25):

{Lmax >100+ 25+ 120/2 = 185,

Lmin <1100 — 25| —120/2 = 15. (27)
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Let us take (with some margin) L;,3e [10 mm, 190 mm] and check the availability (belonging to the
workspace), and also the Jacobian's positivity for the points of the cylinder formed by the inequalities:
{1° <@ <179,

x% +y? < 120% (28)

The computational experiment shows that the given range of variation of the output parameters of the
mechanism is located inside the selected area of its working space with a constant sign Jacobian. This means
that from any state within a given range, the mechanism by changing the lengths of the drive links can be
transferred to any other state from this range.

As an illustration, Figure 6 shows the areas of possible changes in the linear output coordinates (x, y) of
the mechanism, taking into account its controllability at ¢ = 1° and 179°, and Figure 7 - coordinates (¢, y) at
x = 0 (cross-section of the working space perpendicular to the x axis). It can be seen from the figures that the
shaded figures - the base of the cylinder and its longitudinal cross-section - are completely placed in the red
area.

Figure 6.The region of permissible values (x, y) for the mechanism with the selected parameters for ¢ = 1°
and 179°, taking into account the controllability.

120

Figure 7. The range of permissible values (¢, y) for the mechanism with the selected parameters at x = 0
with allowance for controllability.

6. Conclusion

Thus, the method of determining the construction characteristics of a parallel robot, which is necessary to
provide specified parameters of its working space that satisfy the controllability requirement, finds an
experimental confirmation.
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